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We determine the most general three-dimensional vacuum spacetime with a negative cosmological 
constant containing a non-singular Killing horizon. We show that the general solution with a spatially 
compact horizon possesses a second commuting Killing ﬁeld and deduce that it must be related to the 
BTZ black hole (or its near-horizon geometry) by a diffeomorphism. We show there is a general class of 
asymptotically AdS3 extreme black holes with arbitrary charges with respect to one of the asymptotic-
symmetry Virasoro algebras and vanishing charges with respect to the other. We interpret these as 
descendants of the extreme BTZ black hole.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.1. Introduction
A central result in the theory of equilibrium black holes in four 
and higher dimensions is the rigidity theorem [1–3]. This states 
that the event horizon of a stationary, rotating, black hole is a 
Killing horizon with respect to the Killing ﬁeld
K = ∂
∂t
+ Ω ∂
∂φ
, (1)
where ∂/∂t is the stationary Killing ﬁeld, ∂/∂φ is a Killing ﬁeld 
generating the rotational symmetry, and Ω the angular velocity of 
the black hole with respect to the static asymptotic frame.1 For 
asymptotically ﬂat space times, it is clear that if the angular veloc-
ity is non-zero, the Killing ﬁeld K must become spacelike outside 
a large enough ball. Therefore, there is no possibility of having 
matter in equilibrium and co-rotating with the black hole (since 
it would have to exceed the speed of light).
Black holes in anti de Sitter (AdS) spacetimes are of central 
importance in the context of the AdS/CFT duality [4]. For such 
black holes the situation is quite different. In particular, for D ≥ 4
asymptotically globally AdS black holes, such as the Kerr-AdS black 
hole and its higher-dimensional generalisation, the Killing ﬁeld K
is timelike everywhere outside the horizon if |Ω| ≤ 1, where  is 
the radius of AdS. In this case K deﬁnes a frame in which mat-
ter can co-rotate in equilibrium with the black hole. This raises 
* Corresponding author.
E-mail addresses: K.K.Li@sms.ed.ac.uk (C. Li), j.lucietti@ed.ac.uk (J. Lucietti).
1 In greater than four spacetime dimensions a black hole may have multiple ro-
tational Killing ﬁelds with corresponding angular velocities which must be included 
in (1).http://dx.doi.org/10.1016/j.physletb.2014.09.012
0370-2693/© 2014 The Authors. Published by Elsevier B.V. This is an open access article
SCOAP3.the interesting possibility of having black holes which are invariant 
under a single Killing ﬁeld K . Matter here refers also to gravitons, 
hence this argument suggests the possibility of new vacuum so-
lutions.2 Although Kerr-AdS black holes are thought to be stable if 
|Ω| ≤ 1 [5], it has been proposed that new solutions invariant un-
der just the co-rotating Killing ﬁeld may arise as the endpoint of a 
superradiant instability which occurs for rapidly rotating Kerr-AdS 
black holes (i.e. |Ω| > 1) [6,7].
Finding new vacuum black hole solutions invariant under a sin-
gle Killing ﬁeld is a daunting task. By coupling matter ﬁelds which 
are invariant under just the co-rotating Killing ﬁeld, one may avoid 
the complication of dealing metrics with a single Killing ﬁeld. In-
deed, examples with a complex scalar ﬁeld have been found nu-
merically [8] (see also [9,10]). In this note we follow a different 
strategy by examining this problem in pure gravity in lower di-
mensions.
Although there are no local degrees of freedom, three-dimen-
sional Einstein gravity with a negative cosmological constant 
provides a valuable toy model for examining certain higher-
dimensional questions [11]. Brown and Henneaux demonstrated 
that there exist boundary conditions such that the asymptotic 
symmetry algebra is the inﬁnite-dimensional conformal symmetry 
of a cylinder [12]. Furthermore, Banados–Teitelboim–Zanelli (BTZ) 
found explicit black hole solutions to the D = 3 Einstein equa-
tions [13,14]. Although locally AdS3, globally this is a family of 
stationary and axisymmetric black holes which are asymptotically 
AdS3 with a cylinder conformal boundary and possess mass M and 
angular momentum J .
2 Such solutions would not violate the rigidity theorem since the stationary 
Killing ﬁeld would be normal to the horizon. under the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by 
C. Li, J. Lucietti / Physics Letters B 738 (2014) 48–54 49The BTZ black holes always satisfy |Ω| ≤ 1. For the non-
extreme black hole (|Ω| < 1) the Killing ﬁeld K is everywhere 
timelike outside the horizon, whereas for the extreme black hole 
(|Ω| = 1) the Killing ﬁeld K is everywhere null. By the above ar-
guments, this raises the possibility of black hole solutions invariant 
under a single Killing ﬁeld. However, the BTZ black hole does not 
suffer from a superradiant instability (since it never rotates faster 
than the speed of light, the stability argument used in higher di-
mensions can be applied [5]). Therefore, such putative solutions 
may not arise from the evolution of some perturbation of the BTZ 
black hole. Indeed, stationary and axisymmetric black holes which 
are coupled to a complex scalar ﬁeld invariant under a co-rotating 
Killing ﬁeld, have been argued not to exist [15,16].
In this note we show that in fact black holes with a single 
Killing ﬁeld do not exist in three-dimensional Einstein gravity, 
by explicitly determining the most general Einstein metric with 
a (non-singular) Killing horizon. It turns out the general solution 
with a spatially compact horizon always possesses a second com-
muting Killing ﬁeld and hence must be related to the BTZ black 
hole (or its near-horizon geometry) by a diffeomorphism. Interest-
ingly, in the case of a degenerate horizon the general solution is 
related to the extreme BTZ black hole by a large diffeomorphism. 
Our results establish a new type of uniqueness theorem for three-
dimensional AdS black holes.3
In fact, the general solution may have an interesting interpre-
tation in the dual CFT. One expects that by acting on the BTZ 
black hole with a general element of the asymptotic-symmetry 
diffeomorphism group, one would obtain AdS3 solutions with arbi-
trary Virasoro charges. We refer to these as descendants of the BTZ 
black hole.4 These new solutions should also have two commut-
ing Killing ﬁelds, corresponding to the push-forward of the Killing 
ﬁelds of the BTZ black hole.5 If these geometries still contain a 
Killing horizon, they must be within our general class of Einstein 
metrics. Indeed, we identify a general class of extreme black holes 
that are asymptotically AdS3 with cylinder boundary, which carry 
arbitrary charges with respect to one of the Virasoro algebras and 
vanishing charges with respect to the other. Hence these geome-
tries are descendants (in the above sense) of the extreme BTZ black 
hole.
Before moving on, we mention a technical motivation which led 
us to investigating this problem in the extreme case. An important 
inverse problem is to understand how, given a near-horizon ge-
ometry, one determines the possible corresponding extreme black 
holes. As we will show, three-dimensional gravity provides a sim-
ple setup which allows one to examine this question explicitly.
2. General solution
2.1. Derivation
Consider a general (2 + 1)-dimensional spacetime containing a 
smooth6 Killing horizon N of a future-pointing, complete, Killing 
ﬁeld K with a one-dimensional spacelike cross-section H . In the 
neighbourhood of N the metric in Gaussian null coordinates reads, 
see e.g. [21],
ds2 = 2dv
(
dλ + λh(λ, x)dx+ 1
2
λ f (λ, x)dv
)
+ γ (λ, x)2dx2, (2)
3 See e.g. [17,18] for other types of uniqueness results.
4 Note that these are not descendants of pure states in the dual CFT.
5 We thank Harvey Reall for this observation.
6 In fact, rather than smooth, we will only need to assume the functions f , h are 
C1 and γ is C2.where K = ∂/∂v is the Killing ﬁeld which is null on N and ∂/∂λ
is tangent to null geodesics which are transverse to the horizon 
N such that λ > 0 is the exterior region and N = {λ = 0}. The 
coordinate (x) is on the one-dimensional spacelike cross-section 
H , which by assumption has a non-degenerate induced metric so 
γ > 0 in the neighbourhood of N .
We wish to ﬁnd the general vacuum solution of this form with 
a cosmological constant Rμν = Λgμν . Of course any Einstein met-
ric in three dimensions is locally isometric to one of the maximally 
symmetric spaces: we are concerned with spacetimes with a global
Killing horizon as above.
To compute the Ricci tensor it is convenient to use the null-
orthonormal basis (e+, e−, ex) deﬁned by
e+ = dv, e− = dλ + λhdx+ 1
2
λ f dv, ex = γ dx, (3)
so that the metric reads ds2 = 2e+e− + exex . It turns out that the 
function deﬁned by
b ≡ ∂x f + λ f ∂λh − λh∂λ f , (4)
appears naturally in the curvature calculations. We ﬁnd that with 
respect to the above basis the Ricci tensor is
R++ = 1
2γ
[
λh∂λ
(
1
γ
λb
)
− ∂x
(
1
γ
λb
)
− 1
2
λ2 f 2∂2λγ
]
,
R+− = 1
2
∂2λ(λ f ) +
1
2γ
[
∂λ(λ f ∂λγ ) − 1
γ
(
∂λ(λh)
)2
+ ∂x
(
1
γ
∂λ(λh)
)
− λh∂λ
(
1
γ
∂λ(λh)
)]
,
R+x = 1
2
∂λ
(
1
γ
λb
)
− 1
4
λ f ∂λ
(
1
γ
∂λ(λh)
)
,
R−− = − 1
γ
∂2λγ , R−x =
1
2
∂λ
(
1
γ
∂λ(λh)
)
,
Rxx = 1
γ
[
∂λ(λ f ∂λγ ) − 1
2γ
(
∂λ(λh)
)2 + ∂x
(
1
γ
∂λ(λh)
)
− λh∂λ
(
1
γ
∂λ(λh)
)]
.
The −− component of the Einstein equations immediately implies 
γ = γ0(x) + λγ1(x), where γ0(x), γ1(x) are arbitrary functions. We 
may use the coordinate freedom on H to set γ0 = 1, which we will 
assume henceforth. The −x component can be easily integrated for 
h and the most general solution which is regular at λ = 0 is
h = h0(x)
(
1+ 1
2
λγ1(x)
)
, (5)
where h0 is an arbitrary function. Now consider the +− and xx
components. This is facilitated by noting that the Einstein equation 
implies 12 Rxx − R+− = − 12Λ, which explicitly reads
∂2λ(λ f ) −
1
2
(
∂λ(λh)
γ
)2
= Λ. (6)
This can now be integrated for f and the most general solution 
regular at λ = 0 is
f = f0(x) + 1
2
(
Λ + 1
2
h0(x)
2
)
λ (7)
where f0 is an arbitrary function. Now, the xx equation is satisﬁed 
iff
50 C. Li, J. Lucietti / Physics Letters B 738 (2014) 48–54∂xh0 − 1
2
h20 + f0γ1 = Λ. (8)
It remains to consider the ++ and +x components. It is easy to 
see these are satisﬁed if and only if λb/γ is a constant. Hence 
by regularity at λ = 0 we deduce b = 0. Finally, by substituting 
into (4) one ﬁnds b = ∂x f0 and so we deduce that f0(x) = −2κ , 
where κ is a constant. We have now satisﬁed all components of 
the Einstein equation.
To summarise, we have found that the most general solution 
with a non-singular Killing horizon is given by:
γ (λ, x) = 1+ λγ1(x),
h(λ, x) = h0(x)
(
1+ 1
2
λγ1(x)
)
,
f (λ, x) = −2κ + 1
2
λ
(
Λ + 1
2
h0(x)
2
)
, (9)
where κ is a constant and h0, γ1 are arbitrary functions subject to 
the constraint
∂xh0 − 1
2
h20 − 2κγ1 = Λ. (10)
The various quantities which appear in the solution all have a di-
rect geometrical meaning. The 1-form h0dx is the connection of 
the normal bundle on H , viewed as a submanifold of the space-
time. The function γ1 = θ |λ=0 where θ is the expansion of the null 
geodesic congruence tangent to ∂/∂λ, i.e. θ = γ −1∂λγ . The con-
stant κ is the surface gravity on the Killing horizon, i.e. dK 2|λ=0 =
−2κK |λ=0.
In the non-degenerate case, κ = 0, the constraint (10) can be 
solved to determine the extrinsic data γ1 in terms of the intrinsic 
data h0, so the solution depends on the constant κ and one freely 
speciﬁable function on the horizon h0(x). On the other hand, in 
the degenerate case, κ = 0, we deduce that the constraint (10) re-
duces to the Einstein equation for the near-horizon geometry [21]
and γ1(x) is an arbitrary function on H . Hence, once the near-
horizon solution has been ﬁxed, the degenerate solution depends 
only on one freely speciﬁable function γ1(x). This explicitly shows 
that decoupling of intrinsic and extrinsic data occur if and only if 
the horizon is degenerate.
In general, Gaussian null coordinates are only deﬁned in a 
neighbourhood on the horizon, in particular, as long as the trans-
verse null geodesic congruence ∂/∂λ does not caustic. For our 
solution, observe that if γ1(x0) < 0 for some x0 the transverse 
null geodesics converge initially, i.e. θ(λ, x0) < 0 for small λ, and 
furthermore θ → −∞ as λ → 1/|γ1(x0)|. On the other hand, if 
γ1(x) ≥ 0 it is clear the coordinate system can be extended to all 
positive values of λ.
We emphasise that our general solution is valid for any cosmo-
logical constant. Motivated by the discussion in the introduction, 
in this note we will focus on AdS solutions with compact cross-
sections of the horizon. Therefore, henceforth we set Λ = −2/2
and H ∼= S1. We thus identify x ∼ x + 2π R , where R > 0 is the 
radius of the horizon, and assume the functions h0(x), γ1(x) are 
2π R-periodic. Thus, if γ1(x) > 0, then λ → ∞ is a conformal 
boundary with boundary metric
λ−2ds2 → −dv
2
2
+
(
γ1dx+ 1
2
h0dv
)2
. (11)
If h0 is constant we may deﬁne coordinates t = v and dφ =
γ1(x)dx + 12h0dv which explicitly show the boundary is a ﬂat cylin-
der. This will be relevant below.2.2. Extra Killing ﬁeld
We will now show that under the assumptions H ∼= S1 and 
Λ < 0, our general solution in fact always possesses a second 
Killing ﬁeld which commutes with K and is globally deﬁned (i.e. it 
is compatible with the periodic identiﬁcation x ∼ x + 2π R).
A tedious calculation shows that for the general non-degenerate 
case κ = 0, the most general Killing ﬁeld which commutes with K
is (a multiple of)
X =
(
c + h0
2κ
)
∂v + λ
2h0h′0
4κγ
∂λ +
(
1− λh
′
0
2κγ
)
∂x, (12)
where c is a constant and we have used (10). Observe that this 
Killing ﬁeld is globally deﬁned, tangent to the horizon N and has 
closed orbits.
For the general degenerate case κ = 0, Eq. (10) shows h0 is 
determined by the near-horizon equation
∂xh0 − 1
2
h20 = −
2
2
. (13)
It has been shown that the most general solution on H ∼= S1 is 
h0 = 2/ (choosing a sign), which corresponds to the near-horizon 
geometry of the extreme BTZ black hole [21]. In this case, it can 
be shown that the most general globally deﬁned Killing ﬁeld which 
commutes with K is (a multiple of)
X = (c + y)∂v + λ
2 y′
γ
∂λ +
(
1− λy
′
γ
)
∂x, (14)
where c is a constant and y(x) is the unique periodic solution to
y′ − 2

y = γ1(x). (15)
Again, note that this Killing ﬁeld has closed orbits and is also tan-
gent to the horizon.
Thus in either case we see that a general spacetime containing 
a Killing horizon with compact cross-sections always possesses a 
second Killing ﬁeld X with closed orbits which commutes with K , 
i.e. it is axisymmetric.7 Since X is tangent to the horizon, we could 
always choose a different cross-section H˜ ∼= S1 such that X is tan-
gent to H˜ for some constant c. In this case, the solution written 
in Gaussian null coordinates (v˜, ˜λ, ˜x) adapted to this new cross-
section H˜ , must take our general form (9) but with h˜0, γ˜1 constant 
functions. It is then easy to see the solution is given by the BTZ 
black hole or its near-horizon geometry, as we show next.
Thus suppose that ∂/∂x is a Killing ﬁeld with closed orbits so h0
and γ1 are constant functions. Using the discrete transformations 
x → −x and (v, λ, κ) → −(v, λ, κ) we may always arrange h0 ≥ 0
and γ1 ≥ 0, respectively.
If γ1 > 0 deﬁne two positive parameters (r+, r−) by γ1 = 1/r+
and h0 = 2r−/(r+). Solving the constraint (10) implies κ = (r2+ −
r2−)/(2r+). Now, performing the coordinate change
λ = r − r+,
dv = dt + dr
N2
,
dx = r+dφ − r−

dt + r+
(
Nφ − r−
r+
)
dr
N2
, (16)
where we have deﬁned the functions
7 We emphasise that, although related, this does not follow from the usual rigid-
ity theorem for stationary rotating black holes.
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2 − r2+)(r2 − r2−)
2r2
, Nφ = r−r+
r2
, (17)
gives
ds2BTZ = −N2dt2 +
dr2
N2
+ r2(dφ + Nφdt)2, (18)
which is the BTZ black hole solution. If κ ≥ 0 the horizon λ = 0
corresponds to the outer horizon, whereas if κ < 0 the horizon 
λ = 0 corresponds to the inner horizon.
If γ1 = 0, the constraint (10) can be immediately solved to get 
h0 = 2/ and hence the solution in this case simply reads
ds2 =
(
−2κλ − λ
2
2
)
dv2 + 2dvdλ +
(
dx+ λdv

)2
. (19)
If κ = 0 this is the near-horizon limit of the extreme BTZ black 
hole. If κ = 0 this is the decoupling limit of the near-extreme BTZ 
black hole.
3. General solution with a degenerate horizon
In this section we will study the general solution containing a 
degenerate horizon (κ = 0) with compact cross-sections H ∼= S1. 
A shown above, the general spacetime in this case is given by
ds2 = 2dv
[
dλ + 2

λ
(
1+ 1
2
λγ1(x)
)
dx
]
+ (1+ λγ1(x))2dx2, (20)
where γ1(x) is an arbitrary periodic function γ1(x + 2π R) = γ1(x).
3.1. Large diffeomorphism
We now explicitly show that this solution is globally isometric 
to the BTZ black hole, or its near-horizon geometry, by introducing 
coordinates adapted to the two commuting Killing ﬁelds K = ∂/∂v
and X given by (14).
The inner products of the Killing ﬁelds are thus:
K 2 = 0, K · X = 2λ

(
1− λy

)
,
X2 = 1+ 4cλ

(
1− λy

)
. (21)
Deﬁne a third vector ﬁeld U by: U2 = 0, U · X = 0, U · K = 1. It is 
easy to show that
U = −1
2
C2∂v + ∂λ + Cex, (22)
where ex = 1γ (∂x − λh∂λ) is a dual vector to the basis (3) and the 
function C satisﬁes
y + c +
(
1− 2λy

)
C − λ

(
1− λy

)
C2 = 0. (23)
The discriminant of this quadratic is simply X2. Hence the unique 
solution which is regular on the horizon is
C =
1− 2λy

−
√
1+ 4cλ

(1− λy

)
2

λ(1− λy

)
, (24)
where we must have X2 > 0. Now a tedious calculation shows that 
[X, U ] = 0 if and only ifλ2 y′

∂λC +
(
1− 2λy

)
∂xC + y′ = 0. (25)
Remarkably, it can be shown that (24) automatically satisﬁes (25). 
This allows us to deduce that a new coordinate system (v˜, ˜λ, ˜x)
exists such that
K = ∂
∂ v˜
, U = ∂
∂λ˜
, X = ∂
∂ x˜
. (26)
From (22) we may read off ∂λ
∂λ˜
= 1 − λhCγ and ∂x∂λ˜ = Cγ which imply
∂λ˜
√
X2 = 2c

[1− 2λy

− 2λ

(1− λy

)C]√
1+ 4cλ

(1− λy

)
= 2c

, (27)
where in the second equality we used (24). Hence, integrating and 
ﬁxing the horizon to be at λ˜ = 0 we get
√
X2 = 1+ 2cλ˜

, K · X = 2λ˜

(
1+ cλ˜

)
. (28)
Therefore, the metric in the new coordinates is
ds2 = 2dv˜
[
dλ˜ + 2

λ˜
(
1+ cλ˜

)
dx˜
]
+
(
1+ 2cλ˜

)2
dx˜2. (29)
This expresses the solution in Gaussian null coordinates adapted 
to a cross-section H˜ ∼= S1 which is tangent to X . It thus takes our 
general form (20) with γ˜1 = 2c/ a constant. As we showed above 
this is the extreme BTZ black hole (c = 0) or its near-horizon ge-
ometry (c = 0).
The results of the next section will show that the diffeomor-
phism constructed above must be a large diffeomorphism.
3.2. Asymptotic charges
We now consider the extreme solution in a chart adapted to 
a general cross-section, i.e. the spacetime (20). We will assume 
that the transverse null geodesics ∂/∂λ are strictly expanding, i.e. 
γ1(x) > 0. This ensures it is asymptotically AdS3 with a cylinder 
conformal boundary. In fact since h0 is constant and x is periodi-
cally identiﬁed, this immediately follows from (11).
To see this in more detail, consider the coordinate change de-
ﬁned by
r = λ + 1
γ1(x)
,
t = v + 
2
r
(
1+ β(x)
3r2
)
,
φ =
∫
γ1(x)dx+ v

− β(x)
3r3
, (30)
where the function
β ≡ 1
γ 21
(
1− γ
′
1
γ1
)
. (31)
To derive this coordinate change, we expanded the one for ex-
treme BTZ (16) for large r and then allowed the subleading terms 
to depend on x. Observe that the coordinate change (30) forces 
φ to be a periodic coordinate with period 
∫ 2π R
0 γ1(x)dx. By scal-
ing (v, λ, γ1) → (cv, c−1λ, cγ1), we may always ﬁx the period of 
φ to be 2π . In these coordinates our general metric (20) has the 
following asymptotics
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2
2
+ 2β(x)
2
+O(r−1), gtφ = −β(x)

+O(r−1),
gφφ = r2 +O
(
r−1
)
,
gtr = − 2β
′(x)
3γ1(x)r3
+O(r−4), grφ = 2β ′(x)
3γ1(x)r3
+O(r−4),
grr = 
2
r2
+ 2
2β(x)
r4
+O(r−5), (32)
for r → ∞, which explicitly shows that our spacetime is asymptot-
ically AdS3 in the sense of Brown and Henneaux [12]. Observe that 
for large r
φ − t

=
∫
γ1(x)dx+O
(
r−1
)
(33)
and hence asymptotically x is purely a function of φ − t

(note the 
coordinate change is invertible due to our assumption γ1 > 0).
From the subleading terms in (32) we may compute the asymp-
totic charges of this solution. The asymptotic-symmetry generators 
are [12]
L±n =
1
2
ein(
t

∓φ)
(

∂
∂t
∓ ∂
∂φ
)
+ . . . (34)
where . . . denotes subleading terms and also terms proportional 
to ∂r which will not be needed. The conserved charge Q [ξ ] asso-
ciated to an asymptotic symmetry generated by a vector ﬁeld ξ is 
an integral at ﬁxed time t over the boundary circle at spacelike in-
ﬁnity r → ∞. We ﬁnd that, relative to the zero mass BTZ solution, 
the Virasoro charges are
Q
[
L+n
]= 1
π
2π∫
0
dφein(
t

−φ)β(x), (35)
Q
[
L−n
]= 0, (36)
where as noted above asymptotically x is only a function of φ − t

. 
Thus our general solution generically carries non-zero charges only 
in one of the Virasoro algebras. In particular, the mass M =
Q [L+0 ] + Q [L−0 ] and angular momentum J = Q [L+0 ] − Q [L−0 ] are 
given by
M = J = 1
π
2π∫
0
dφβ(x) = 1
π
2π R∫
0
dx
γ1(x)
, (37)
where in the ﬁnal equality we converted to the x coordinate (at 
constant t) and used the explicit form of β together with period-
icity.
Thus we see that the mass/angular-momentum relation satis-
ﬁed by the extreme BTZ black hole persists for this class of space-
times. However, unlike the BTZ black hole, these carry arbitrary 
non-zero charges with respect to all the Virasoro generators L+n
and vanishing ones with respect to L−n . In particular, the general 
solution is characterised by the Virasoro charges Q [L+n ] with n = 0. 
It is worth noting that if Q [L+n ] = 0 for all n = 0, then the func-
tion β must be a constant and hence (31) implies γ1 must be a 
constant (using periodicity) and we recover the BTZ black hole. 
Therefore, these geometries may be interpreted as descendants of 
the extreme BTZ black hole.
4. Non-degenerate horizon
In this section we study the general solution containing a non-
degenerate horizon (κ = 0) with compact cross-sections H ∼= S1. As shown above, the general solution is given by (2), (9) and is de-
termined by the constant κ and an arbitrary function h0(x), with 
γ1(x) then determined by (10). These functions must be periodic 
with x ∼ x + 2π R .
We will also assume that γ1(x) > 0 so the transverse null 
geodesics ∂/∂λ are strictly expanding and that κ > 0 to ensure 
the null generators are future complete. Under these conditions, it 
can be shown that (10) implies
h0(x)
2 <
4
2
, (38)
for all x (otherwise h0 is monotonic, contradicting periodicity). In 
fact, this condition implies the Killing ﬁeld K is timelike every-
where outside the horizon.
We will ﬁrst analyse the conformal boundary of this Einstein 
spacetime. The main complication arises due to the fact that the 
conformal boundary metric in the frame deﬁned by Eq. (11) is not 
ﬂat for non-constant h0(x). Remarkably, we ﬁnd there is a sim-
ple Weyl transformation on the boundary which makes (11) a ﬂat 
cylinder and is consistent with the global identiﬁcations we al-
ready have (i.e. x periodic and v not). It may be veriﬁed that
ds2b =
− dv2
2
+ (γ1dx+ 12h0dv)2
Ω(x)2
, (39)
where
Ω(x) ≡
√
1− 
2h20
4
, (40)
is a ﬂat metric for any h0(x), γ1(x). Indeed, this can be seen by 
performing the coordinate change
dt = cβdv + γ1
Ω2
(
sβ − cβh0
2
)
dx,
dφ = sβ dv

+ γ1
Ω2
(
cβ − sβh0
2
)
dx, (41)
where cβ = coshβ , sβ = sinhβ and β is a constant “boost” param-
eter, which gives
ds2b = −
dt2
2
+ dφ2. (42)
Observe that we have to include the boost β (which is a large 
diffeomorphism) in order to ensure that the coordinate t is not 
periodically identiﬁed. The condition to avoid identiﬁcations of t
corresponds to the following speciﬁc choice of boost:
tanhβ =
∫ 2π R
0
h0γ1
2Ω2
dx∫ 2π R
0
γ1
Ω2
dx
, (43)
which we assume henceforth. Observe that due to γ1 > 0 and (38),∣∣∣∣
∫ 2π R
0
h0γ1
2Ω2
dx∫ 2π R
0
γ1
Ω2
dx
∣∣∣∣≤
∫ 2π R
0
|h0|γ1
2Ω2
dx∫ 2π R
0
γ1
Ω2
dx
< 1, (44)
so a unique value for this special boost always exists. Furthermore, 
by a discrete transformation x → −x we may always arrange β ≥ 0, 
which we will assume below. Also note that ∂φ/∂x > 0 so the co-
ordinate φ inherits a periodicity from x. By scaling (v, λ, γ1) →
(cv, c−1λ, cγ1), we may always ﬁx the period of φ to be 2π . 
Hence, in the above conformal frame the boundary is indeed glob-
ally a ﬂat cylinder, as claimed.
We will now compute the asymptotic charges by working in the 
cylinder conformal frame. Consider the coordinate change deﬁned 
by
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(
λ + 
2κ
Ω2
)
,
t = cβ v +
∫
γ1
Ω2
(
sβ − cβh0
2
)
dx
+ 
2
Ωr
[
cβ − sβh0
2
+ κ
24
3Ω2r2
(
cβ − sβ
3h30
8
)]
,
φ = sβ v

+
∫
γ1
Ω2
(
cβ − sβh0
2
)
dx
+ 
Ωr
[
sβ − cβh0
2
+ κ
24
3Ω2r2
(
sβ − cβ
3h30
8
)]
. (45)
In these coordinates we ﬁnd that the metric for r → ∞ has the 
following behaviour:
gtt = − r
2
2
+ κ
22
Ω2
(
c2β −
s2β
2h20
4
)
+O(r−3),
gtφ = −sβcβκ23 +O
(
r−3
)
,
gφφ = r2 + κ
24
Ω2
(
s2β −
c2β
2h20
4
)
+O(r−3),
gtr =O
(
r−3
)
,
gφr =O
(
r−3
)
,
grr = 
2
r2
+ κ
26
Ω2r4
(
1+ 
2h20
4
)
+O(r−5), (46)
which is of Brown–Henneaux form and hence suitable for read-
ing off the conserved charges. Observe that asymptotically x is a 
function of both φ ± t/. Hence a priori, one would expect the Vi-
rasoro charges Q [L±n ] = 0 for all integers n. In fact, performing the 
computation, we actually ﬁnd that
Q
[
L±n
]= 3κ2(1
2
+ s2β ± sβcβ
)
δn,0. (47)
Therefore, we see that all higher Virasoro charges vanish, whereas 
the zero mode charges give the following mass and angular mo-
mentum
M = 2κ2(c2β + s2β), J = 23κ2sβcβ . (48)
Observe that
M − J = 3κ2(cβ − sβ)2 > 0. (49)
Therefore, our spacetime has precisely the same Virasoro charges 
as the non-extreme BTZ black hole. It follows that it must be dif-
feomorphic to the non-extreme BTZ black hole.8 Hence, in contrast 
to the extreme case, we do not obtain descendants of the non-
extreme BTZ black hole (which would possess arbitrary charges 
with respect to all L±n and thus be related by a large diffeomor-
phism).
5. Discussion
Another way of understanding our results may be as follows. 
The Fefferman–Graham expansion for three-dimensional Einstein 
spacetimes terminates and hence the conformal boundary metric 
and stress tensor determine the full spacetime [19]. For asymptot-
ically globally AdS3 spacetimes, so a cylinder conformal boundary 
8 This follows from the fact that the Fefferman–Graham expansion (50) termi-
nates in three-dimensions and that Q [L±n ] ∼
∫ 2π
0 dφe
inx± T±(x±).metric − dt2
2
+ dφ2 where φ ∼ φ + 2π , it is easy to determine the 
general Einstein spacetime [20], which is
ds2 = 1
z2
[
2dz2 + 2
(
dx+ + 1
2
z2T−
(
x−
)
dx−
)
×
(
dx− + 1
2
z2T+
(
x+
)
dx+
)]
, (50)
where z = 0 is the conformal boundary, √2x± = φ ± t

are light-
cone coordinates on the cylinder, and the two arbitrary functions 
T±(x±) are the components of the boundary stress tensor.
Now, suppose (50) describes a black hole with a horizon in-
variant under a Killing ﬁeld of the form (1). If |Ω| = 1, then it is 
straightforward to show that both T±(x±) must be constant func-
tions and hence the spacetime is stationary and axisymmetric (if 
T± > 0 this is the BTZ black hole). On the other hand, if |Ω| = 1, 
then only one of ∂+ or ∂− is a Killing ﬁeld; without loss of gener-
ality suppose Ω = 1 so K ∝ ∂+ . Then T+(x+) is again a constant, 
although now T−(x−) can be an arbitrary function. It then follows 
that |K |2 = T+ is a constant and therefore such a Killing horizon 
exists if and only if T+ = 0. In this case, K is a globally null Killing 
ﬁeld and since by assumption it is tangent to the black hole hori-
zon, the horizon must be degenerate.
This simple argument allows for extreme black holes more 
general than extreme BTZ, which are related by a large diffeo-
morphism to the extreme BTZ. Furthermore, it also does not ap-
pear to allow for more general non-extreme black holes with a 
Killing horizon. This picture is consistent with the results derived 
in this paper, which were obtained by determining the most gen-
eral three-dimensional Einstein metric containing a Killing horizon.
The asymptotic Virasoro charges of our general extreme black 
hole show that these geometries can be interpreted as descendants 
of the extreme BTZ (as deﬁned in the introduction). It would be 
interesting to better understand their CFT interpretation. On the 
other hand, we did not ﬁnd descendants of the non-extreme BTZ 
black hole within our general solution with a non-extreme horizon 
(these would be related by a large diffeomorphism).9 This indicates 
that the descendants of the non-extreme BTZ black hole do not
have a Killing horizon. It would be interesting to understand this 
by directly analysing under what conditions the general Einstein 
metric (50) contains a non-singular horizon.
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